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Data & Variables

Types of Variables:
Categorical: each case falls into a category (yes/no, ethnicity, favourite genre...)
Quantitative: numerical values for which a quantity is measured (generally, expressed in units, can be
meaningfully added or averaged...)
Unclear distinction: letter grades, satisfaction surveys...
Identifier: special type of categorical variable; each individual falls into a unique category

Determine the type of each of the following variables in the data below for an airline loyalty
program’s members:

Customer # | Age | Phone Year Acnt Opened | Flown | Balance
in past (points)
12 mos?
783517 65 | (778) 555 8731 2012 Yes 8723
321873 91 | (2306) 555 6871 1988 Yes 408666
889758 19 | (801) 5553299 2016 No 8899
Surveys & Sampling

Population: The group of all individual cases that you want make a statement about
Parameter: A fact or characteristic of the population

Sample: A select, smaller group from the population which you will survey
Statistic: A fact or characteristic of the sample

Population »>Parameter | Sample = Statistic

The parameter | want to know is the proportion of Sauder’s student population which has a job; as it
would be impractical and expensive to survey every single student, | will select a random sample of
students to complete my survey, and get a statistic which will be an estimate of the parameter.

Sampling Methodologies

Simple Random Sample: each possible combination of individuals has an equal chance of being
selected as a part of the sample
Ex. ‘random’ number selection using spreadsheet programs




Stratified Random Sampling: population is sliced into homogeneous groups based on a selected
characteristic, and then SRS is conducted within each group.
Ex. In surveying Sauder students, splitting the population by specialization to ensure that an
unrepresentative sample of, for example, only finance students, is not selected

Cluster Sampling: splitting the population into manageable parts, each of which represent the
population
Ex. Randomly selecting 5 Imagine Day groups for the survey, which will be more convenient
than identifying and finding the same number of random students, assuming that each groups’
members were also selected randomly

Systematic Sampling: selecting individuals systematically, where true random selection would be more
expensive
Ex. Surveying every tenth student in the bookstore lineup

Identify the type of sampling strategy used in the following plans:

An elementary school textbook writer wants to study how to make their books more appealing by visiting a
random selection of 40 Grade 6 classes in Vancouver to administer a survey.

A candy factory wants to test the quality of their next outgoing truckload of candy, by removing the third
case from the left on the top row of each pallet for taste testing.

A book distributor wants to examine the quality of customer service provided by their sales team, by
randomly selecting 50 customers from each geographic region.




Design Problems

Question & Answer Phrasing: carefully word to ensure understandability and provide accurate
responses; yes/no & multiple-choice answers may leave out other valid answers and lead respondents
to provide answers which do not reflect their true views

Voluntary Response: a large group of individuals is asked to respond, and all responses collected are
included; in most cases, the most strongly opinionated individuals are more likely to respond, and will
skew results

Convenience Sampling: the individuals which can be most easily surveyed are included.
Undercoverage: some portion within the population is not sampled or underrepresented

Identify the type of sampling flaw in the following plans:

A pollster plans to gather data to forecast the results of the next election by randomly selecting 1000
numbers from a local paper phone book to be called for a survey.

A classical musician wants to decide on which cities to visit on her next world tour, by placing a survey link
on her Twitter feed and encouraging followers to share the link.

The instructor plans to seek feedback on the quality of his course by asking each student to complete a
survey rating his performance as either ‘great, ‘outstanding’ or ‘out-of-this-world awesome’.




Describing and Displaying Categorical Data

Frequency Table: shows number of cases for each category

RelativeFrequency Table: displays percentages instead of actual counts

Area Principle: area occupied by a category on a chart should be proportional to the magnitude it is
meant to represent

Bar charts: display counts next to each other using a graphical bar for visual interpretation

Pie charts: slices on a circle difficult to correctly visually perceive

Contingency Tables: display relationships across two categorical variables

Interpret the following table of counts regarding main course orders at a fictional restaurant

Age (years)
0-18 19-30 31-55 >55 Total:

Stew 4 6 16 20 46
Steak 9 25 30 15 79
Sandwich 2 20 25 15 62
Burger 10 20 12 4 46
Fish 2 5 16 17 40
Pasta 9 15 12 14 50
Salad 1 8 16 12 37

Total: 37 99 127 97 360

What percentage of diners chose a burger?

What percentage of diners who chose fish were greater than age 55?

Of the diners who were aged 19-30, what percentage chose a steak?




Describing and Displaying Quantitative Data

Histograms: data is split into ‘bins’, and the height of each bar corresponds to the counts in each bin
Stem & Leaf: like a histogram, but individual values are given instead of a solid bar

Descriptors of Shape:

Mode: The value that appears most often; y-value of the highest bar on the histogram
Unimodal, Bimodal, multimodal... or uniform

Symmetry: similarity of the halves on each side of the ‘centre’
Distributions are ‘skewed’ towards the longer tail

Skewed-Left Distribution Skewed-Right Distribution
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Measures of Centre:
Mean: The calculated ‘average’ of the data, using the formula:

. B . o .
w —, whereyis each individual y-value, and n is the number of values to be averaged
Median: The ‘middle’ term when all the values are arranged in a series

Unimodal, Symmetric distributions: means may be appropriate
Skewed distributions with unusual shapes and outliers: medians may be appropriate




What does ‘average’ mean?

What do we know about ‘skewedness’ of the distribution of net worth?

Canadian Household Net Worth By Region (in CA$)

Location Average Median Avg/Median
(By Province)

British Columbia $591,000 $376,300 1.57
Alberta $561,100 $331,000 1.70
Saskatchewan $384,800 $276,500 1.39
Manitoba $342,800 $227,508 1.51
Ontario $524,000 $325,800 1.61
Quebec $288,200 $185,200 1.56
New Brunswick $196,200 $139,400 1.41
Prince Edward Island $248,800 $200,000 1.24
Nova Scotia $263,000 $182,000 1.45
Newfoundland and Labrador $218,100 $152,100 1.43
Territories $278,000 $188,800 1.47
All Provinces and Territories $442,100 $259,700 1.70

Data from : http://www.moneysense.ca/save/financial-planning/the-all-canadian-wealth-test-2015/




Measures of Spread:
Range = max—min | will be influenced by extreme observations

Quartiles: Q1,Q2,Q3 | IQR=Q3-Q1

Variance: average of the squared deviations from the mean (for each data point)
Standard Deviation: Square root of the variance
Variance is given in units squared | SD un-squares the units

Five-Number Summary: Max, Q3, Median, Q1, Min
Boxplot: displays the data in the five-number summary
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Median Interquartile Range
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25% — 1.5 * Interguartil: Range

Outliers: above Q3+1.5(IQR), or below Q1-1.5(IQR)

Standardizing Data Points: when comparing variables of different types, base your comparison on the
difference from the centre of the distribution

Z-Score: The number of standard deviations that a value is over or under the mean.
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Analyze the information about salaries for public practice accountants in Canada, and then answer
the associated questions.

Mean Min Q1 Median Q3 Max
S 134,000 S 40,000 S 70,000 S 93,000 S 150,000 S 800,000

Mean, Q1, Median and Q3 data from: https://www.cpacanada.ca/en/connecting-and-news/cpa-

magazine/articles/2014/january/ves-well-show-you-the-money

Min and Max data are fictional representations.

What is the IQR?

What is the Upper Fence? |  Lower Fence?

Is this distribution skewed? If so, in which direction?

Suppose the data reported was incorrect; the highest paid public practice CPA was inadvertently
excluded from the survey, and actually had a salary of $1 mil.

Does this new information impact any of these measures? If so, would they increase or decrease?

The mean:

The median:

The range:

The IQR:



https://www.cpacanada.ca/en/connecting-and-news/cpa-magazine/articles/2014/january/yes-well-show-you-the-money
https://www.cpacanada.ca/en/connecting-and-news/cpa-magazine/articles/2014/january/yes-well-show-you-the-money

Analyze the box plot below regarding home prices in three fictional cities, and then identify the
following statements as true or false:

Home Sale Prices in Three Cities in 2012
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Home Sale Prices (In Thousands of Dollars)

City 1 City 2 City 3

Sale prices are generally higher in City 2 compared to City 3.
The IQR is greater in City 3 than in City 1.
The distribution in City 1 is more symmetric than that in City 3.

Monthly sales are more variable in City 2 than in City 3.
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Every home in City 2 is more expensive than the average home in City 3.




Correlation and Linear Regression

Scatterplots plot one quantitative variable against another, to help
visualize the patterns, relationships and outliers in quantitative data.

Association: a relationship between two quantitative variables that is
statistically dependent (vary together in some pattern)

Explanatory variable on the x-axis | Response variable on the y-axis
Correlation Coefficient: a measure of the strength of the linear
relationship between two variables | how clustered is the data around
a linear line of best fit?

Only useful when: quantitative | linear | no outliers

To compute: standardize variables into z-scores.
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x- and y-values are paired; multiply the corresponding x and y values, then add up the resulting

products, and divided the total by the degrees of freedom, n-1.

Properties of correlation:
O Sign of the coefficient gives direction
O p i p (exact -1 or +1 = all points fall on a straight line
O Correlation of x with y = Correlation of y with x
O No units are applicable




Just for fun:
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Lurking Variable: a third variable affects both of the variables being compared

Correlation Causation




Linear Models describe a relationship using an equation that draws a straight line
Imperfect, but summarizes the general pattern
General Equation for a line:

wis the predicted value(dependent) for the given x value (explanatory, predictor, independent...)
Uis the observed value

QN 0 W

e is the residual, the difference between the predicted, and the observed values

The line of best fit, the line which is closest to all the points, is the one for which the sum of the
squared residuals is smallest.

Slope: Ay per A x
5 \ I
w | —

i
Intercept:
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Variation of the Residuals: R2

Less variation in the residuals: a better-fitting model
If correlation = 1.0, model would predict perfectly, residuals would be zero

i Correlation coefficient
i Squared Correlation: gives the fraction of variation accounted for by the model
'Y  “R-Squared”: traditionally expressed with a capital R, often as a percentage

Residual = Data — Predicted
Residuals may be plotted in a residual plot

Linear relationship: | Non-Linear relationship:
Symmetric, horizontal band around residual =0 Curved residual plot
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Examinéhe following data doglteighestlue NHL teams, as ranked by Forbes magazine in 2015, and the s:
t eams’ pthe pastdive mliaseasans i n

2011-2016 2015
Team: Points Value (mil)
Rangers 475 1200
Canadiens 433 1180
Maple Leafs 358 1150
Blackhawks 490 925
Bruins 470 750
Canucks 429 745
Mean points: |  Standard Deviation of Points:
Mean Value: | Standard Deviation of Value:

What is the slope of the estimated regression equation?

What is the intercept of the estimated regression equation?

What is the estimated value of a team that accumulates 110 points per season?

What is the percentage of the variation accounted for by the model?

Does achieving regular season points cause a team’s value to increase? What factors, other than points,
might be associated with an NHL team’s value?

If the Toronto Maple Leafs were removed from this analysis, what would happen to the correlation
coefficient?




Randomness and Probability

Random: individual outcomes cannot be predicted, but there are patterns in the long-run behavior of
the outcomes.

Mean: long-run average outcome: [T

Standard Deviation: long run standard deviation of outcome: S

Rules for Independent Random Variables:

Addition

Mean (X+Y) = Mean (X+Y)

Var (X+Y) = Var (X) + Var (Y)

SD (X+Y) = I7I_(Var (X) + Var (Y))

Subtraction
Mean (X-Y) = Mean (X-Y)
Var (X-Y) = Var (X) + Var (Y)

SD (X-Y) =W (var (X) + Var (Y))

Answer the following question about a chicken dinner.

John ordered the Tuesday special of two pieces of chicken and an order of fries at KFC for $3.29.

The pieces of chicken, combined, have a mean weight of 300g, and an SD of 30g. The packet of fries has a
mean weight of 70g, and an SD of 10g. Assume there are no other ingredients and do not account for
packaging. What is the mean and SD of the weight of the Tuesday special?




The Normal Model
Continuous Probability Models: The Normal Distribution

Distribution of the probability of a continuous random variable can be illustrated as a curve
Typically bell-shaped

Must be unimodal and symmetric

StandardNormal distribution: data is standardized with z-scores

68-95-99.7 Rule
Easy way to assess the “extremeness” of a value based on how far away it is from the mean
68% within one SD | 95% within two SDs | 99.7% within three SDs

0.3 0.4

0.2

34.1%| 34.1%

13.6%

0.0 0.1

-30 =20 -lo 0 lo 20 30
Finding Probabilitiesgiven an xvalue.
Find the z-score = (—)
Using Table Z, find the area under the curve, given as the area to the left of the z-score.

Findingx-values, given a probability.

Identify desired area underneath the line, and find it in Table Z.
Identify the z-score of the x-value on the margins.




Answer the following questions about penguins resting upon a
floating ice floe.

Given the size of this ice floe, it has been determined that a maximum of
10 penguins may comfortably rest on this ice floe at any one time, and a
maximum loading of 255kg may be placed on it before it starts to sink.
The penguins’ weights are normally distributed, with a mean of 23 kg and
standard deviation of 2.5kg.

What is the chance that a group of 10 randomly selected penguins will exceed the maximum loading, 255kg?

What is the chance that any random penguin will exceed a weight of 25.5kg?

Answer the following questions about the height of penguins from two colonies.

There are two islands on which penguins reside. On average, the penguins on Bowen Island are taller than
those on Goose Island.

Bowen Island’s penguins’ heights are normally distributed with a mean of 120cm and an SD of 13cm.

Goose Island’s penguins’ heights are normally distributed with a mean of 110cm and an SD of 26cm.

What percentage of Bowen Island penguins are taller than 126cm?

What height is exceeded by only 10% of Goose Island penguins?

What is the mean and SD of the difference in height between a randomly selected Bowen Island and a
randomly selected Goose Island penguin?

What is the probability that a randomly selected penguin from Goose Island will be taller than a randomly

selected penguin from Bowen Island?




Sampling Distributions

Sampling Distribution for Proportions distribution of proportions over many independent samples
Proportions: categorical variable with only two possible outcomes

Sample Proportion: \HY Population Proportion: 1

“YOonHu n‘—n
€
Assumptions:
O Independence Assumption
O Sample Size Assumption
O 10% Condition (n< 10% of population size)
O Success/Failure Condition (np>10, pg>10)

Sampling Distribution for Means distribution of means over many independent samples
Means: for quantitative data

Sample Mean:af | Population mean:

YOw —
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Standard Errorthe estimated standard deviation of a sampling distribution
We do not know the true population parameters of p or ,,

Central Limit Theorem: The sampling distribution for the mean of a random sample becomes Normal.
A larger sample size will yield a model closer to the Normal model.

Answer the following question about a pizza delivery service:

Pizza Pizza guarantees that if delivery does not occur in 40 minutes, the customer receives the pizza for free.
Data from the past month indicates that there is a 85% probability that the pizza will be delivered on time.

If Pizza Pizza receives 100 orders in a day, what is the probability that more than 80% of the pizzas will
arrive on-time?




Building Confidence Intervals

The ‘strength’ of an estimate may be described using a margin of error.

A public opinion survey wishes to determine the percentage of Canadians who believe there should be
middle schools. 1000 Canadians are surveyed and 40% of those surveyed believe that there should be

middle schools in the public education system.

Do we know that 40% of Canadians believe there should be middle schools?
No, unless we surveyed every Canadian, we would not know the exact true proportion.

Computing the Interval:
For Proportions

Find NBU
Compute Standard Error, the estimate of the standard deviation of the true sampling distribution.
oy M

Choose a z-score (critical value) corresponding to the level of confidence desired:
90%: 1.645
95%: 1.960
99%: 2.576

Confidence Interval = jHU @z "Y'O\HU | Then compute the high and low points of the interval.

Because we assume the Central Limit Theorem applies, we can be _ % sure that the interval we create
using the corresponding critical value will include the true population parameter.

So what can we say now about Canadians’ beliefs about middle school?

We can be % confident that between mm L7 :|| [ AN dLz :|| == of Canadians believe

that there should be middle schools in the public education system.

The margin of error is the magnitude of the interval on each side of U

The choice of critical value is one between precision and certainty.

If we use a larger critical value, we will generate a larger margin of error, and we will be “more sure”
that the true proportion falls within this larger margin.




Choosing Sample Size for a Margin of Error:
Selecting a narrower or wider confidence interval is a tradeoff transaction; the only way to truly
‘improve’ your result is to select a larger sample.

bo ¢ — | & —

Answer the following questions about the following polls conducted in the lead-up to the 1995
Quebec referendum:

In 1995, Quebec held a referendum to ask voters if they wished for the province to declare national
sovereignty.

On Oct 11, a poll of 470 people conducted by Createc reported that 46% of voters would vote ‘no’.
On Oct 12, a poll of 1201 people conducted by SOM reported that 47% of voters would vote ‘no’.

Which of these polls will have a larger of margin of error? Why?
Find the 95% confidence intervals for these polls.
Which of these polls is unable to predict, with 95% confidence, the result of the referendum?

Answer the following question about a poll about Donald Trump.

Gallop conducts, on a regular basis, a survey asking Americans if they “approve or disapprove of the way
[Trump] is handling is job as president.”

The results released February 22" stated that 38% of 1000 respondents answered that they approved of
Obama’s performance.

Find the 95% confidence interval for this poll.

Gallup wants to estimate the true percentage of Americans who approve of Trump’s performance to within
2%, with a 99% confidence interval. How many people do they need to sample?




Testing Hypothesis about Proportions

Null Hypothesis: 51 | generally specifies a specific value for a parameter
Alternative Hypothesis: 3 — | notes parameters plausible if the null hypothesis is rejected

Given the null hypothesis, does the data surprise us?

If the null hypothesis were true, how likely is it that the data we obtained, would be obtained?

If it were improbable that the data we obtained, could be obtained, if the null hypothesis were true,
then we might conclude that the null hypothesis is the one that is incorrect.

P-Values: probability of seeing the data obtained, given the null hypothesis
Low P-values: if the null were true, seeing this data would be very unlikely.
Either the data is the result of an unlikely chance incident, or the null is wrong.
We ‘reject’ Ho, and conclude that Ha is true.
High P-Values: this data is consistent with the null hypothesis

Significance: a p-value threshold is chosen, arbitrarily, against which we judge how likely or unlikely
the event we have observed is. If our P-value falls below our arbitrary threshold, then we conclude that
the null hypothesis should be rejected, and the difference between the null hypothesis and the result
from our data is statistically significant

Alpha-level: the p-value threshold, a, frequently selected as 0.05, or 0.1 or 0.01.
5% is most frequently chosen.

‘Important’ or ‘sensitive’ questions (testing a safety device) may deserve a lower alpha.

If the P-value does not fall below a, we “fail to reject the null hypothesis.”
Remember: We do not‘accept’ or ‘prove’ the null hypothesis.

Critical Value: The z-score that corresponds to our confidence interval.




Conducting the Test:

State the Hypothesis:

Two Sided Hypothesis: looking for deviations on both sides of the null hypothesis | ‘'Od) N
One Sided Hypothesis: looking for deviations in one directiononly | Od) n ,or'Od) n
Calculate mm

Compute the z-score.

Get the P-value for that z-score, using the tables. (Multiply by 2 for a 2-sided test).

If the p-value < @, reject | If the p-value >a, fail to reject.

Using a Confidence Interval:

Build a confidence interval at the significance level desired for your data.
If your null hypothesis parameter falls outside of the confidence interval, then reject.
If your null hypothesis parameter falls inside the confidence interval, then fail to reject.

Errors:
1. The null hypothesis is true, but we mistakenly reject it.
2. The null hypothesis is false, but we fail to reject it.

Analogous to:
Guilty until proven innocent: 5 dQ O O EEAA @OET OU
Innocent person convicted | Guilty person not convicted

Answer the following questions about a coffee shop promotion.

Your favourite coffee shop is running a promotion in which they have stated that 1 in 6 coffee cups they sell
are designated as winners, with writing under the rim that indicates the holder is entitled to receive a free
coffee or food item! You have been drinking numerous coffees every day, without ever winning, and you
believe that the actual proportion of winners must be lower than stated, so you wish to conduct a test by
purchasing 25 coffees for random people in the library and retrieving the cups to check for awards.

What is your Null Hypothesis? Alternative Hypothesis?

Of the 25 cups that you purchase, only 4 are winners. Could you say that you determined with 95%
confidence that the coffee shop’s proclamation is false?




Answer the following question about a review session.

At a hypothetical university, a hypothetical professor has a reputation for teaching an extremely difficult
course. To reduce the failure rate this year, the professor required one of his two sections of students to
attend a series of additional review sessions. The section that was required to attend the review sessions had
300 students, and 42 of them failed the course. The other section that did not attend experienced a failure
rate of 18%. The content of his classes, the difficulty level of the exams, and the distribution of admissions
averages were the approximately the same in both cases. Was the review section effective in reducing the
failure rate?

What is your Null Hypothesis? Alternative Hypothesis?

What is the z-score? (test statistic)

What is the P-value? What conclusion could you make at the 5% level of significance?




Testing Hypothesis about Means

A sample with the mean wwill have a sampling distribution with the same mean, but a standard
deviation of I7I__' and the shape of the sampling distribution will be normal, if thee sample size is large

enough.

Student’s t model: Normal Model did not work for small sample sizes; the t-distribution models the
sampling distribution for each sample size, deriving to degrees of freedom.

|standard normal. Z|

The t-distribution is still unimodal and symmetric, but
the tails are stretched out and fatter when the sample
sizes are smaller.

Relative to the normal model, the t-distribution will give
wider confidence intervals are smaller sample sizes.
As n approaches infinity, the t-distribution’s shape

. . approaches that of the Normal model.
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Confidence Interval:
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The critical t* value depends on the significance level chosen, and the degrees of freedom, n+1, as
displayed in the appendix table.




Answer the following questions about a credit card marketing firm.

In December, a marketing firm deployed a team of promoters to work outside of numerous location of a
grocery store chain. Each promoter recruited on average 75 clients that month to sign up for their cash-
back-rewards credit cards. In January, the credit card promoter decided to offer a $20 Starbucks gift card to
each client who agreed to sign up for a card. In a sample of 20 randomly selected promoters, the mean
number of people signed up was 82, with a standard deviation of 3. Determine if there has been a
statistically significant increase in sign-ups.

State the null hypothesis and alternative hypothesis.

State the test statistic.

State the applicable P-value for a significance level of 5%, and state your conclusion.

In February, the promoter decided to change the offer to a $20 discount coupon applicable to the grocery
store. A second sample is taken of 25 promoters, who signed up a mean of 85 clients, with a standard
deviation of 3 clients. Construct a 95% confidence interval.




