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Evaluate: 

 

 

1.) 

 

=  lim
𝑥→4

(𝑥 − 4)(𝑥 + 4)

(𝑥 − 4)(𝑥 − 5)
 

 

=  lim
𝑥→4

(𝑥 + 4)

(𝑥 − 5)
 

 

Plugging in x=4, we get  

 

=  −8 

 

 

 

2.)  

 

= lim
𝑥→5

(𝑥 − 5)(√2𝑥 − 6 + 2)

(√2𝑥 − 6 − 2)(√2𝑥 − 6 + 2)
 

 

= lim
𝑥→5

(𝑥 − 5)(√2𝑥 − 6 + 2)

2𝑥 − 6 − 4
 

 

= lim
𝑥→5

(𝑥 − 5)(√2𝑥 − 6 + 2)

2(𝑥 − 5)
 

 

= lim
𝑥→5

(√2𝑥 − 6 + 2)

2
 

 

Plugging in x=5, we get 

 

= 2 
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3.) 

 

 

= lim
𝑥→−∞

√𝑥2(9 −
1
𝑥 +

1
𝑥2)

𝑥(4 −
5
𝑥)

 

 

= lim
𝑥→−∞

|𝑥|√(9 −
1
𝑥 +

1
𝑥2)

𝑥(4 −
5
𝑥)

 

 
|𝑥| = −𝑥 𝑤ℎ𝑒𝑟𝑒 𝑥 < 0, 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 

 

= lim
𝑥→−∞

−𝑥√(9 −
1
𝑥 +

1
𝑥2)

𝑥(4 −
5
𝑥

)
 

 

= lim
𝑥→−∞

−√(9 −
1
𝑥 +

1
𝑥2)

(4 −
5
𝑥)

 

 

𝑃𝑙𝑢𝑔𝑔𝑖𝑛𝑔 𝑖𝑛 𝑎𝑠 𝑥 →  −∞,
1

𝑥
𝑎𝑛𝑑

1

𝑥2
→ 0 

 

=
−√(9 − 0 + 0

(4 − 0)
 

 

=
−3

2
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4.)  

 

 

 

 

 

 

 

 

 

 

 

𝑇ℎ𝑒 𝑙𝑒𝑓𝑡 𝑎𝑛𝑑 𝑟𝑖𝑔ℎ𝑡 − ℎ𝑎𝑛𝑑 𝑠𝑖𝑑𝑒 𝑙𝑖𝑚𝑖𝑡𝑠 𝑎𝑟𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡, 𝑠𝑜 𝑡ℎ𝑒 𝑙𝑖𝑚𝑖𝑡 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡. 
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1.)  Find the value of a for which the function f(x) is continuous for all x 

 

f(x) = {
 3𝑥 + 𝑎, 𝑥 ≤ 𝑒
2𝑎𝑙𝑛𝑥, 𝑥 > 𝑒

 

 

𝑇ℎ𝑒𝑠𝑒 𝑡𝑤𝑜 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑜𝑣𝑒𝑟 𝑡ℎ𝑒𝑖𝑟 𝑜𝑤𝑛 𝑑𝑜𝑚𝑎𝑖𝑛𝑠: 
𝑤𝑒 𝑚𝑢𝑠𝑡 𝑚𝑎𝑘𝑒 𝑓(𝑥)𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑡 𝑒 𝑏𝑦 𝑠𝑒𝑡𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑙𝑒𝑓𝑡 𝑎𝑛𝑑 𝑟𝑖𝑔ℎ𝑡 ℎ𝑎𝑛𝑑 𝑙𝑖𝑚𝑖𝑡𝑠 𝑒𝑞𝑢𝑎𝑙.  

 

 

 

 

 

 

 

 

 

 

lim
𝑥→2−

𝑥 − 2

|√𝑥 − √2|
 

 

= lim
𝑥→2−

𝑥 − 2

−(√𝑥 − √2)
 

 

= lim
𝑥→2−

−(√𝑥 + √2) 

 

=  −2√2 
 

lim
𝑥→2+

𝑥 − 2

|√𝑥 − √2|
 

 

= lim
𝑥→2+

𝑥 − 2

√𝑥 − √2
 

 

= lim
𝑥→2+

(√𝑥 + √2) 

 

=  2√2 
 

lim
𝑥→𝑒−

𝑓(𝑥) 

 

= lim
𝑥→𝑒−

(3𝑥 + 𝑎) 

 

= 3𝑒 + 𝑎 

 

 

lim
𝑥→𝑒+

𝑓(𝑥) 

 

= lim
𝑥→𝑒+

2𝑎𝑙𝑛𝑥 

 

= 2𝑎 

 

 

 

lim
𝑥→𝑒−

𝑓(𝑥) = lim
𝑥→𝑒+

𝑓(𝑥) 

 

3𝑒 + 𝑎 = 2𝑎 

 

𝑎 = 3𝑒 
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2.) Prove that the following equation has a solution 

 

 

2𝑥 = 𝑥 + 𝑒 
 

 

𝑓(𝑥) = 𝑥 + 𝑒 − 2𝑥 

 

𝑓(−3) = −3 + 𝑒 − 2−3 < 0 

 

𝑓(0) = 0 + 𝑒 − 20 > 0 

 

𝑓(𝑥) 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑜𝑣𝑒𝑟 𝑡ℎ𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 [−3,0]. 
𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑏𝑦 𝐼𝑉𝑇, 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑐 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 − 3 ≤ 𝑐 ≤ 0 𝑎𝑛𝑑 𝑓(𝑐) = 0. 
𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 2𝑥 = 𝑥 + 𝑒 ℎ𝑎𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛. 
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1.) Find 𝑓′(𝑥), where  𝑓(𝑥) = 𝑒12𝑥 cos(𝑥) 

 

 

𝑓′(𝑥) = 𝑒12𝑥 ∗ 12 ∗ cos(𝑥) − sin (𝑥)𝑒12𝑥 
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2.) Let 𝑓(𝑥) = √𝑥. Use the definition of the derivative to find 𝑓′(4). No marks will be 

given for the use of any differentiation rules. 

 

𝑓′(4) = lim
𝑥→4

√𝑥 − √4

𝑥 − 4
 

 

𝑓′(4) = lim
𝑥→4

(√𝑥 − √4)(√𝑥 + √4)

(𝑥 − 4)(√𝑥 + √4)
 

 

𝑓′(4) = lim
𝑥→4

(𝑥 − 4)

(𝑥 − 4)(√𝑥 + √4)
 

 

𝑓′(4) = lim
𝑥→4

1

(√𝑥 + √4)
 

 

𝑓′(4) =
1

4
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Evaluate lim
𝑥→0

sin (𝑥)

−0.5𝑥
 

 

lim
𝑥→0

sin(𝑥)

−0.5𝑥
= lim

𝑥→0

cos(𝑥)

−0.5
 

 

lim
𝑥→0

sin(𝑥)

−0.5𝑥
=

1

−0.5
= −2 
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1. Find the equation of the tangent lines tangent to the graph of 𝑥2 + 𝑦2 = 25 at x = 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

22 + 𝑦2 = 25 

𝑦 = ±√21 
 

𝑥2 + 𝑦2 = 25 

2𝑥 + 2𝑦 ∗
𝑑𝑦

𝑑𝑥
= 0 

𝑑𝑦

𝑑𝑥
=

−𝑥

𝑦
 

 
NOTE: Since we have 2 values of y, we will 
have two different derivatives at x=2: that is, 
two different tangent lines at x=2. 

Positive case (𝑦 = √21) 

 
𝑑𝑦

𝑑𝑥
=

−2

√21
 

 

𝑦 = 𝑚𝑥 + 𝑏 

 

𝑦 =
−2

√21
𝑥 + 𝑏 

Plugging in our values of x and y… 

√21 =
−2

√21
∗ 2 + 𝑏 

𝑏 = √21 +
4

√21
 

𝑦 =
−2

√21
𝑥 + √21 +

4

√21
 

Repeating for the negative case, we get… 

 

𝑦 =
2

√21
𝑥 − √21 −

4

√21
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Example: Suppose that you are a player in the MMORPG “Treestory” and you are 

trying to make profit selling “Work Gloves”, a popular in-game item. You notice that 

when you try to sell your Work Gloves for $16 each, your customer demand is 20 

units. For every $2 decrease in unit price, the customer demand goes up by 10 units. 

Find the demand function linking 𝑝 and 𝑞.  

 

 

𝑝 = 𝑚𝑞 + 𝑏 (𝑁𝑜𝑡𝑒: 𝑡ℎ𝑖𝑠 𝑚𝑖𝑟𝑟𝑜𝑟𝑠 𝑜𝑢𝑟 𝑦 = 𝑚𝑥 + 𝑏 𝑓𝑜𝑟𝑚𝑢𝑙𝑎) 

𝑚 =
Δ𝑝

Δ𝑞
=

16 − 14

20 − 30
=

−1

5
 

 

𝑝 =
−1

5
𝑞 + 𝑏 

Plugging in p=16 and q=20… 

 

16 =
−1

5
(20) + 𝑏 

 

20 = 𝑏 

 

𝑝 =
−1

5
𝑞 + 20 
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Example: “Appleson: We Hate Children Inc.” is a textbook manufacturer that prints 

paper textbooks for students to purchase. Every month, they rent an industrial-grade 

printer at $50 a month to produce economics textbooks, which cost $70 in printing 

and paper expenses each to produce. What are their fixed, variable, average, 

marginal, and total costs? 

 

𝐹𝑖𝑥𝑒𝑑 𝑐𝑜𝑠𝑡 = 70 
𝑉𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑐𝑜𝑠𝑡 = 50 

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑐𝑜𝑠𝑡 =
70 + 50𝑞

𝑞
 

𝑀𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑐𝑜𝑠𝑡 = 50 
𝑇𝑜𝑡𝑎𝑙 𝑐𝑜𝑠𝑡 = 70 + 50𝑞 
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Example: A company’s cost and demand curves are given by  

 

𝑝 + √𝑞 = 150  𝑎𝑛𝑑 𝐶(𝑞) = 2500 + 6𝑞 

 

Determine the selling price which would produce the most profit. 

 

𝑅𝑒𝑐𝑎𝑙𝑙: 𝑅𝑒𝑣𝑒𝑛𝑢𝑒 = 𝑝𝑟𝑖𝑐𝑒 ∗ 𝑞𝑢𝑎𝑛𝑡𝑖𝑡𝑦 𝑠𝑜𝑙𝑑 
𝑃𝑟𝑜𝑓𝑖𝑡 = 𝑅𝑒𝑣𝑒𝑛𝑢𝑒 − 𝑇𝑜𝑡𝑎𝑙 𝐶𝑜𝑠𝑡 
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𝑝 = 150 − √𝑞 

𝑅(𝑞) = 𝑞(150 − √𝑞) 

𝑃(𝑞) = 𝑞(150 − √𝑞) − (2500 + 6𝑞) 

𝑃(𝑞) = 144𝑞 − 𝑞1.5 − 2500 
𝑃′(𝑞) = 144 − 1.5𝑞0.5 

0 = 144 − 1.5𝑞0.5 
𝑞 = 9216 
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Example: Suppose the price and quantity demanded of a product are related as 

follows: 

 

𝑝 = 20 − 𝑞 

 

1.) Find the price elasticity of demand when p = 8 

 

𝜀 =
𝑑𝑞

𝑑𝑝
∗

𝑝

𝑞
 

 

 

𝜀 = −1 ∗
8

12
=

−2

3
 

 

 

2.) To maximize revenues, should the company increase or decrease their price? 

 

They should increase their price. 
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Example: 

 

Let f(x) be a differentiable function so that  

 

𝑓(1)  =  10 and −1 ≤ 𝑓′(𝑥) ≤ 2 everywhere. 

 

Obtain upper and lower bounds on f(5) 

 

𝐵𝑦 𝑀𝑒𝑎𝑛 𝑉𝑎𝑙𝑢𝑒 𝑇ℎ𝑒𝑜𝑟𝑒𝑚: 

 

−1 ≤
𝑓(𝑏) − 𝑓(𝑎)

𝑏 − 𝑎
≤ 2 

Choosing b=5 and b=1… 

 

 

−1 ≤
𝑓(𝑏) − 10

5 − 1
≤ 2 

 

−4 ≤ 𝑓(𝑏) − 10 ≤ 8 

 

6 ≤ 𝑓(𝑏) − 10 ≤ 18 
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1.) Water is being poured into a cone shaped cup at a rate of of 50𝑐𝑚3 per second. If 

the cup has a height of 8 cm and a top radius of 3cm, how fast is the water level 

rising when it is 4 cm full? 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝐵𝑦 𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒𝑠, 

 

𝑟

ℎ
=

3

8
 

 

𝑟 =
3

8
ℎ 

 

The volume of a cone is given by: 

 

𝑉 =
1

3
𝜋𝑟2ℎ 

 

 

8 
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𝑉 =
1

3
𝜋(

3

8
ℎ)2ℎ 

 

 

𝑉 =
1

3
𝜋(

3

8
ℎ)2ℎ 

 

 

𝑉 =
3𝜋

64
ℎ3 

 

𝑑𝑉

𝑑𝑡
=

9𝜋

64
ℎ2 ∗

𝑑ℎ

𝑑𝑡
 

 

 

From the question, we have dV/dt = 50 and h=4. 

 

50 =
9𝜋

64
42 ∗

𝑑ℎ

𝑑𝑡
 

 

𝑑ℎ

𝑑𝑡
=

200

9𝜋
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1.) A closed rectangular container with a square base is to be made from two different 

materials. The material for the base costs $5 per square meter, while the material for 

the other five sides costs $1 per square meter. Find the dimensions of the container 

which has the largest possible volume if the total cost of materials is $72. 

 

 

 

 

 

By simple geometry, 

 

𝑉 = 𝑏2ℎ 

 

𝐶 = 5𝑏2 + 4𝑏ℎ + 𝑏2 
72 = 5𝑏2 + 4𝑏ℎ + 𝑏2 

Isolating for h, we get: 

ℎ =
72 − 6𝑏2

4𝑏
=

3

2
∗

12 − 𝑏2

𝑏
 

Substituting into volume, we get: 

 

𝑉 = 𝑏2
3

2
∗

12 − 𝑏2

𝑏
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𝑉 = 18𝑏 −
3

2
𝑏3 

 

Differentiate both sides, then set dV/db equal to 0. 

 

0 = 18 −
9

2
𝑏2 

𝑏
2

= 4 

Length can’t be negative, so: 

𝑏 = 2 

Plugging back in: 

ℎ = 6 

 

The dimensions of the box are 2 x 2 x 6 
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1.) You are standing on the bank of a river that is 100m wide, and see 12 large kegs of 

beer calling your name 300m up the opposite shore. You can swim at 3m/s and run 

at 5m/s, and you want to get to the beer as quickly as possible. To what point on 

the opposite shore should you swim, before running the rest of the way? 

 

 

 

𝑇 = 𝑠𝑤𝑖𝑚 𝑡𝑖𝑚𝑒 + 𝑟𝑢𝑛 𝑡𝑖𝑚𝑒 

 

𝑅𝑒𝑐𝑎𝑙𝑙: 𝑡𝑖𝑚𝑒 =
𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒

𝑠𝑝𝑒𝑒𝑑
 

 

𝑇(𝑥) =
√𝑥2 + 1002

3
+

300 − 𝑥

5
 

Taking the derivative and simplifying: 

 

𝑇′(𝑥) =
𝑥

3√𝑥2 + 1002
−

1

5
 

Set T’(x) = 0 and solve for x 

 

𝑥 = 75 
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1.) Sketch 𝑓(𝑥) =
𝑥

𝑥2−4
 

 

The function has vertical asymptotes where the denominator = 0, at 𝑥 = ±2 

The function has only one intercept at (0,0) 

lim
𝑥→∞

𝑥

𝑥2 − 4
= 0 → ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒 𝑎𝑡 𝑦 = 0 

 

Evaluating left and right hand side limits at the asymptotes: 

 

lim
𝑥→2− 𝑓(𝑥) = −∞ 

 

lim
𝑥→2+

𝑓(𝑥) = ∞ 

 

lim
𝑥→−2− 𝑓(𝑥) = −∞ 

 

lim
𝑥→−2+

𝑓(𝑥) = ∞ 

Now, we evaluate 𝑓′(𝑥) 

 

𝑓′(𝑥) =
−(𝑥2 + 4)

(𝑥2 − 4)2
 

 

There are no critical pts and there are singular pts at 𝑥 = ±2 

 

𝑓′(𝑥) 𝑖𝑠 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑒𝑣𝑒𝑟𝑦𝑤ℎ𝑒𝑟𝑒 𝑒𝑥𝑐𝑒𝑝𝑡 𝑎𝑡 𝑥
= ±2, 𝑠𝑜 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓(𝑥) 𝑖𝑠 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑒𝑣𝑒𝑟𝑦𝑤ℎ𝑒𝑟𝑒 𝑒𝑥𝑐𝑒𝑝𝑡 𝑡ℎ𝑜𝑠𝑒 𝑝𝑜𝑖𝑛𝑡𝑠. 

 

Now, we evaluate 𝑓′′(𝑥) 

 

𝑓′′(𝑥) =
2𝑥(𝑥2 + 12)

(𝑥2 − 4)3
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Evaluating for 𝑓′′(𝑥) = 0, 𝑤𝑒 𝑓𝑖𝑛𝑑 𝑡ℎ𝑎𝑡 𝑥 = 0 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡. 

 

When x<-2 and 0<x<2, f’’(x)<0, so f(x) is concave down. 

When -2<x<0 and x>2, f’’(x)>0, so f(x) is concave up. 

 

This information is all you need to sketch the following graph: 

 

 

2.) Sketch 𝑓(𝑥) = 𝑥3 − 6𝑥2 + 9𝑥 − 54 

 

 

The function has no vertical asymptotes, since it exists over all real numbers. 

Solving for x and y intercepts, we get: (0, −54), (6,0) 

 

For very large x,  
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Hence, there are no horizontal asymptotes 

 

 

Now, we find the first derivative 

 

𝑓′(𝑥) = 3(𝑥 − 3)(𝑥 − 1) 

 

 

 

 

 

 

Now, we evaluate the second derivative 

 

𝑓′′(𝑥) = 6𝑥 − 12 
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Page 28 

 

1) Compute the Taylor polynomial of degree 3 of 𝑓(𝑥) =  𝑥𝑙𝑛𝑥 at 𝑎 = 1 

 

By our taylor polynomial formula: 

 

𝑓(𝑥)~𝑓(𝑎) + 𝑓′(𝑎)(𝑥 − 𝑎) +
1

2!
𝑓′′(𝑎)(𝑥 − 𝑎)2 +

1

3!
𝑓′′′(𝑎)(𝑥 − 𝑎)3 

 

𝑓(𝑎) = 0, 𝑓′(𝑎) = 𝑙𝑛𝑎 + 1 = 1, 𝑓′′(𝑎) =
1

𝑎
= 1. 𝑓′′′(𝑎) = −

1

𝑎2
= −1 

 

𝑓(𝑥)~(𝑥 − 1) +
1

2
(𝑥 − 1)2 −

1

6
(𝑥 − 1)3 

 

 

2) Estimate | sin(0.12) − 0.12| by using the linear approximation of 𝑠𝑖𝑛𝑥 at 𝑎 = 0 

 

𝑓(𝑥) = 𝑠𝑖𝑛𝑥 − 𝑥 

 

𝑓(𝑥)~𝑓(𝑎) + 𝑓′(𝑎)(𝑥 − 𝑎) 

 

𝑓(𝑎) = 0, 𝑓′(𝑎) = 0 

 

𝑓(𝑥)~0 

 

𝑓(𝑥) = sin(0.12) − 0.12 

 

sin(0.12) − 0.12~0 

 

Taking the absolute value of both sides: 

 

| sin(0.12) − 0.12|~0 
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